




















A FAMILY OF C0 FINITE ELEMENTS FOR
KIRCHHOFF PLATES I: ERROR ANALYSIS
L. BEIRA˜O DA VEIGA∗, J. NIIRANEN† , AND R. STENBERG‡
Abstrat. A new nite element formulation for the Kirhho plate model is presented. The
method is a displaement formulation with the deetion and the rotation vetor as unknowns and
it is based on ideas stemming from a stabilized method for the ReissnerMindlin model [11℄ and a
method to treat a free boundary [5℄. Optimal a-priori and a-posteriori error estimates are derived.
Key words. nite elements, Kirhho plate model, free boundary, a-priori error analysis, a-
posteriori error analysis
AMS subjet lassiations. 65N30, 74K20, 74S05
1. Introdution. A onforming nite element method for the Kirhho plate
bending problem requires a C1-ontinuity and hene leads to methods that are rarely
used in pratie. Instead, either a nononforming method is used or then the model is
abandoned in favor of the ReissnerMindlin model. For the latter, there exist several
families of methods that have rigorously been shown to be free from loking and
optimally onvergent.
A natural idea is to onsider the Kirhho model as the limit of the Reissner
Mindlin model when the plate thikness approahes zero and to use a good Reissner
Mindlin element with the thikness (after a saling, see below) representing the pa-
rameter penalizing the Kirhho onstraint. In this approah, there are two obstales.
First, for a free boundary, this leads to a method whih is not onsistent. In the lit-
erature, this point is often ignored sine mostly the lamped ase is onsidered. A
remedy to this was developed by Destuynder and Nevers who showed, that the on-
sisteny is obtained by adding a term penalizing the tangential Kirhho ondition
along the free boundary [5℄. Even if this modiation has been done, there remains a
seond drawbak. In order that the solution to the penalized formulation is lose to
the exat solution, the penalty parameter should be large. This, however, leads to an
ill-onditioned disrete system.
Our aim in the present paper is to present a family of Kirhho plate bending
elements for whih the onvergene rate is optimal even in the presene of free bound-
aries. The method is a formulation ombining the ideas from the stabilized method for
the ReissnerMindlin plates presented in [11℄ and the treatment of the free boundary
presented in [5℄ (f. [1, 2℄ as well). The family inludes "simple low-order" elements
and it is well-onditioned. In the seond part [3℄ of this paper, we give the results of
numerial tests.
The paper is organized as follows. In the next setion, we desribe the plate
bending problem, and in Setion 3, we introdue the new family of nite elements. In
Setion 4, an a-priori error analysis is derived. This analysis leads to optimal results,
both with respet to the regularity of the solution and to the polynomial degree used.
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In Setion 5, an a-posteriori error analysis is performed. We derive a loal error
indiator whih is shown to be both reliable and eient.
2. The Kirhho plate bending problem. We onsider the problem of bend-
ing of an isotropi linearly elasti plate and assume that the undeformed plate mid-
surfae is desribed by a given onvex polygonal domain Ω ⊂ R2. The plate is
onsidered to be lamped on the part ΓC of its boundary ∂Ω, simply supported on
the part ΓS ⊂ ∂Ω and free on ΓF ⊂ ∂Ω. The deetion and transversal load are
denoted by w and g, respetively.
In the sequel, we indiate with V the set of all orner points in ΓF. Moreover,
n and s represent the unit outward normal and the unit ounterlokwise tangent
to the boundary. Finally, for points x ∈ V , we introdue the following notation. We
indiate with n1 and s1 the unit vetors orresponding, respetively, to n and s on
one of the two edges forming the boundary angle at x; with n2 and s2 we indiate the
ones orresponding to the other edge. Note that whih of the two edges orrespond
to the subsript 1 or 2 is not relevant.
The lassial Kirhho plate bending model is then given by the biharmoni
partial dierential equation
D∆2w = g in Ω , (2.1)
the boundary onditions
w = 0 , ∂w∂n = 0 on ΓC ,
w = 0 , n ·Mn = 0 on ΓS ,




+ (divM) · n = 0 on ΓF ,
(2.2)














is the bending rigidity, with E, ν being the Young modulus and the Poisson ratio for





The moment tensor is given by
M (∇w) = D
(
(1− ν)ε(∇w) + ν div(∇w) I
)
, (2.6)
with the symmetri gradient ε, and the shear fore by
Q = −divM . (2.7)
Note, that the independene of the Poisson ratio ν in the dierential equation (2.1) is
a onsequene of anellations when substituting (2.6) and (2.7) into the equilibrium
equation
− divQ = g . (2.8)
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For the analysis below, it will be onvenient to perform a saling of the problem by
assuming that the load is given by g = Gt3f , with f xed. Then the dierential
equation (2.1) beomes independent of the plate thikness:
1
6(1− ν)
∆2w = f, in Ω . (2.9)
Furthermore, we use the following saled moment tensor m given by
M (∇w) = Gt3m(∇w) (2.10)
and the shear fore q is dened by
Q = Gt3q . (2.11)
The unknowns in our nite element method will be the approximations to the
deetion and its gradient, the rotation β = ∇w. With this as a new unknown, our
problem an be written as the system of partial dierential equations
∇w − β = 0 , (2.12)
−div q = f , (2.13)
Lβ + q = 0 , in Ω , (2.14)
the boundary onditions
w = 0 , β = 0 , on ΓC , (2.15)
w = 0 , β · s = 0 , n ·m(β)n = 0 , on ΓS , (2.16)
∂w
∂s






− q · n = 0 , on ΓF , (2.17)








(x) ∀x ∈ V . (2.18)
The operator L is dened as
Lβ = divm(β) , (2.19)











In the sequel, we will often write m instead of m(β). We further denote
a(β,η) = (m(β), ε(η)) . (2.21)
In order to neglet plate rigid movements and the related tehnialities, we will
in the sequel assume that the one-dimensional measure of ΓC is positive.
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3. The nite element formulation. In this setion, we will introdue our nite
element method. Even if our method is stable for all hoies of nite element spaes,
we will, for simpliity, present it for triangular elements and for the polynomial degrees
that yield an optimal onvergene rate. Hene, let a regular family of triangular
meshes on Ω be given. For the integer k ≥ 1, we then dene the disrete spaes
Wh = {w ∈ W | w|K ∈ Pk+1(K) ∀K ∈ Ch} , (3.1)
Vh = {η ∈ V | η|K ∈ [Pk(K)]









η ∈ [H1(Ω)]2 | η = 0 on ΓC , η · s = 0 on ΓS
}
. (3.4)
Here Ch represents the set of all triangles K of the mesh and Pk(K) is the spae of
polynomials of degree k on K. In the sequel, we will indiate with hK the diameter
of eah element K, while h will indiate the maximum size of all the elements in the
mesh. Furthermore, we will indiate with E a general edge of the triangulation and
with hE the length of E. The set of all edges lying on the free boundary ΓF we denote
by Fh.
Before introduing the method, we state the following result whih trivially follows
from lassial saling arguments and the oerivity of the form a.














0,E ≤ a(φ,φ) ∀φ ∈ Vh , (3.6)
where the operator mns(φ) = s ·m(φ)n with n, s, being the unit outward normal and
the unit ounterlokwise tangent to the edge E, and with m dened in (2.20).
Let two real numbers γ and α be assigned, γ > 2/C′I and 0 < α < CI/4. Then,
the disrete problem reads as follows.
Method 3.1. Find (wh,βh) ∈ Wh × Vh, suh that
Ah(wh,βh; v,η) = (f, v) ∀(v,η) ∈Wh × Vh , (3.7)
where the form Ah is dened as
Ah(z,φ; v,η) = Bh(z,φ; v,η) +Dh(z,φ; v,η) , (3.8)
with



















〈[∇z − φ] · s, [∇v − η] · s〉E (3.10)
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for all (z,φ), (v,η) ∈ Wh ×Vh. Here 〈·, ·〉ΓF and 〈·, ·〉E denote the L
2
-inner produts
on ΓF and E, respetively.
The bilinear form Bh onstitutes the ReissnerMindlin method of [11℄ with the
thikness t set equal to zero, while the additional form Dh is introdued in order to
avoid the onvergene deterioration in the presene of free boundaries.




(∇wh − βh − αh
2
KLβh)|K ∀K ∈ Ch . (3.11)




(∇w − β − αh2KLβ)|K ∀K ∈ Ch , (3.12)
and hene it follows that the denition (3.11) is onsistent with the exat shear fore.
For simpliity, in the rest of this setion we assume that the deetion w belongs to
H3(Ω); this is a very reasonable assumption, as disussed at the end of this setion.
Note as well that, with some additional tehnial work involving the appropriate
Sobolev spaes and their duals, suh assumption ould be probably avoided. The
following result states the onsisteny of the method.
Theorem 3.2. The solution (w,β) of the problem (2.14)(2.18) satises
Ah(w,β; v,η) = (f, v) ∀(v,η) ∈Wh × Vh . (3.13)
Proof. The denition of the bilinear forms in Method 3.1, realling (2.14) and the
expression (3.12), give


















(q,∇v − η − αh2KLη)K
= a(β,η) + (q,∇v − η) . (3.14)
First, by the denition (2.21), then integrating by parts on eah triangle, nally using
the regularity of the funtions involved, and the boundary onditions (2.15), (2.16)
on ΓC, ΓS, respetively, we get
a(β,η) + (q,∇v − η) = (m(β), ε(η)) + (q,∇v − η)
= −(Lβ + q,η) + 〈m(β) · n,η〉ΓF − (div q, v) + 〈q · n, v〉ΓF . (3.15)
Realling (2.14) and (2.13), the identity above beomes
a(β,η) + (q,∇v − η) = (f, v) + 〈m(β) · n,η〉ΓF + 〈q · n, v〉ΓF , (3.16)
while, using the boundary onditions of (2.17) on ΓF and integration by parts along
the boundary, nally leads to
a(β,η) + (q,∇v − η) = (f, v)− 〈mns(β), [∇v − η] · s〉ΓF . (3.17)
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Due to (2.17), we have






〈[∇w − β] · s, [∇v − η] · s〉E
= 〈mns(β), [∇v − η] · s〉ΓF . (3.18)
The result now diretly follows from (3.14), (3.17) and (3.18).
Remark 3.1. If the ReissnerMindlin method of [11℄ without the additional form
Dh is employed by setting t = 0, then in the presene of a free boundary we obtain
Bh(w,β; v,η) = (f, v) + 〈mns(β), [∇v − η] · s〉ΓF ∀(v,η) ∈Wh × Vh . (3.19)
Therefore, this would lead to an inonsistent method. We return to this in Remark
4.1 below.
4. Stability and a-priori error estimates. For (v,η) ∈Wh×Vh, we introdue

























‖|(v,η)‖|h = ‖η‖1 + ‖v‖2,h + |(v,η)|h , (4.3)
where J·K represents the jump operator and Ih denotes the edges lying in the interior
of the domain Ω.
In [9℄, the following lemma is proved.
Lemma 4.1. There exists a positive onstant C suh that
‖v‖2,h ≤ C
(
‖η‖1 + ‖v‖1 + |(v,η)|h
)
∀(v,η) ∈Wh × Vh . (4.4)
Using the Poinaré inequality and the previous lemma, the following equivalene
easily follows:
Lemma 4.2. There exists a positive onstant C suh that
C‖|(v,η)‖|h ≤ ‖η‖1 + |(v,η)|h ≤ ‖|(v,η)‖|h ∀(v,η) ∈Wh × Vh . (4.5)
We now have the following stability estimate.
Theorem 4.3. Let 0 < α < CI/4 and γ > 2/C
′
I . Then there exists a positive
onstant C suh that
Ah(v,η; v,η) ≥ C‖|(v,η)‖|
2
h ∀(v,η) ∈ Wh × Vh . (4.6)


























‖∇v − η − αh2KLη‖
2
0,K . (4.7)
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Next, using loally the arithmeti-geometri mean inequality with the onstant γ/hE,






2〈mns(η), [∇v − η] · s〉E +
γ
hE






























Joining (4.7) with (4.8) and using Korn's inequality we then obtain




























From the triangle inequality, again the inverse estimate of Lemma 3.1 and the bound-

























































whih ombined with (4.9) gives







The result then follows from the norm equivalene of Lemma 4.2.
We an now derive the error estimates for the method. We note that the assump-
tions of the theorem are supposed to be valid for the further results below as well,
hene not repeated in the sequel.
Theorem 4.4. Let 0 < α < CI/4 and γ > 2/C
′
I . Let (w,β) be the exat solution
of the problem and let (wh,βh) be the approximate solution obtained with Method 3.1.
Suppose that w ∈ Hs+2(Ω), with 1 ≤ s ≤ k. Then it holds
‖|(w − wh,β − βh)‖|h ≤ Ch
s‖w‖s+2 . (4.12)
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Proof. Step 1. Let (wI ,βI) ∈ Wh × Vh be the usual Lagrange interpolants to
w and β, respetively. Using rst the stability result of Theorem 4.3 and then the
onsisteny result of Theorem 3.2 one has the existene of a pair
(v,η) ∈ Wh × Vh , ‖|(v,η)‖|h ≤ C , (4.13)
suh that
‖|(wh − wI ,βh − βI)‖|h ≤ Ah(wh − wI ,βh − βI ; v,η)
= Ah(w − wI ,β − βI ; v,η) , (4.14)
where we reall that Ah = Bh +Dh.
Step 2. For the Bh-part, we have
Bh(w − wI ,β − βI ; v,η) = a(β − βI ,η)−
∑
K∈Ch






(∇(w − wI)− (β − βI)− αh
2
KL(β − βI),∇v − η − αh
2
KLη)K .

















≤ C‖|(v,η)‖|h . (4.17)
Using these bounds in (4.15) and realling (4.13) we obtain
Bh(w − wI ,β − βI ; v,η)
≤ C
(
‖|(w − wI ,β − βI)‖|h +
( ∑
K∈Ch





Substituting the denition of the norm (4.3) in (4.18), using the triangle inequality,
and nally applying the lassial interpolation estimates it easily follows






Step 3. For the Dh-part in (4.14), we have, by the denition (3.10),
Dh(w − wI ,β − βI ; v,η) = 〈mns(β − βI), [∇v − η] · s〉ΓF






〈[∇(w − wI)− (β − βI)] · s, [∇v − η] · s〉E
=: T1 + T2 + T3 . (4.20)
Saling arguments give
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for all E ∈ Fh, whereK(E) is the triangle with E as an edge. The l2-CauhyShwartz





























≤ Chs‖β‖s+1 . (4.23)







1,K(E) ∀E ∈ Fh . (4.24)










































Now, joining all the bounds (4.14), (4.19), (4.20), (4.23), (4.26) and (4.27) we obtain






The triangle inequality and the lassial polynomial interpolation estimates (realling
that β = ∇w) then yield





≤ Chs‖w‖s+2 . (4.29)
Note that the result holds for real values of the regularity parameter s sine the
interpolation results used above are valid for real values of s.
Remark 4.1. As noted in Remark 3.1, the limiting ReissnerMindlin method
(i.e., without the additional orretion Dh) is inonsistent. Regardless of the solution
regularity and the polynomial degree k, the inonsisteny term an only be bounded with
the order O(h1/2). As well known (see for example [10℄), the inonsisteny error is a
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lower bound for the error of nite element methods. As a onsequene, the numerial
sheme will not onverge with a rate better than h1/2 if ΓF 6= ∅. This observation is
also onrmed by the numerial tests shown in [3℄. See [4℄ for other numerial tests
regarding this issue. Note further, that this boundary inonsisteny term is onneted
not only to the formulation in [11℄ but is ommon to any other Kirhho method
whih follows a "ReissnerMindlin limit" approah.









Sine we assume that w ∈ Hs+2(Ω), with s ≥ 1, we have q ∈ [L2(Ω)]2 and from the
estimates above it immediately follows:
Lemma 4.5. It holds
‖q − qh‖−1,h ≤ Ch
s‖w‖s+2 . (4.31)
From this it follows a norm estimate in the dual to the spae
V∗ =
{
η ∈ [H1(Ω)]2 | η = 0 on ΓC, η · s = 0 on ΓF ∪ ΓS
}
, (4.32)






The result we have is the following.
Lemma 4.6. It holds
‖q − qh‖−1,∗ ≤ Ch
s‖w‖s+2 . (4.34)
Proof. The proof is essentially an appliation of the "PitkärantaVerfürth trik"
(see [8, 12℄). By the denition of the norm ‖ · ‖−1,∗ there exists a funtion η ∈ V∗
suh that
‖q − qh‖−1,∗ ≤ (q − qh,η) , ‖η‖1 ≤ C . (4.35)
Using a Clément type interpolant we an nd a pieewise linear funtion ηI ∈ V∗
suh that it holds
hs−1K ‖η − ηI‖s,K ≤ C‖η‖1,K ≤ C
′ , s = 0, 1 (4.36)
for all K ∈ Ch. Using the CauhyShwartz inequality, the bound (4.36) with s = 0
and the denition (4.30) it follows
(q − qh,η) = (q − qh,η − ηI) + (q − qh,ηI)
≤ C‖q − qh‖−1,h + (q − qh,ηI) . (4.37)
Note that ηI is both in Vh and V∗ ; moreover LηI = 0 on eah element K of Ch. As
a onsequene, using (3.7), (3.11), (3.12) and Theorem 3.2, it follows
(q − qh,ηI) = a(β − βh,ηI) + 〈[∇wh − βh)] · s,Mns(ηI)〉ΓF
=: T1 + T2 . (4.38)
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Due to the ontinuity of the bilinear form and using bound (4.36) with s = 1 it
immediately follows
T1 ≤ C‖β − βh‖1 ≤ C‖|(w − wh,β − βh)‖|h . (4.39)
Using rst the CauhyShwartz inequality, then the Agmon inequality, nally the





















≤ C‖|(w − wh,β − βh)‖|h , (4.40)
where in the last inequality we impliitly used the relation ∇w − β = 0. Combining
(4.35), (4.37) with (4.38), (4.39) and (4.40), it follows that
‖q − qh‖−1,∗ ≤ C
(
‖q − qh‖−1,h + ‖|(w − wh,β − βh)‖|h
)
. (4.41)
Joining (4.41), (4.31), and using Theorem 4.4 the proposition immediately follows.
The regularity of the solution to the Kirhho plate problems for onvex polygonal
domains, with all the three main types of boundary onditions, is very ase dependent.
We refer for example to the work [7℄ in whih a rather omplete study is aomplished.
Note that, if f ∈ H−1(Ω), in most ases of interest, the regularity ondition w ∈
H3(Ω) is indeed ahieved.
Note further, that with lassial duality arguments and tehnial alulations it
is possible to derive the error bound
‖w − wh‖1 ≤ Ch
s+1‖w‖s+2 , (4.42)
if the regularity estimate
‖w‖3 ≤ C‖f‖−1 (4.43)
holds. Moreover, if k ≥ 2 and the regularity estimate
‖w‖4 ≤ C‖f‖0 (4.44)
is satised, then it holds
‖w − wh‖0 ≤ Ch
s+2‖w‖s+2 . (4.45)
5. A-posteriori error estimates. In this setion, we prove the reliability and




























mns(βh)− qh · n‖
2
0,E , (5.4)
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where hE denotes the length of the edge E and J·K represents the jump operator
(whih is assumed to be equal to the funtion value on boundary edges). Further, for
a triangle K ∈ Ch we denote the sets of edges lying in the interior of Ω, on ΓS and on
ΓF, by I(K), S(K) and F (K), respetively. By Sh we denote the set of all edges on
ΓS and by Ih the ones lying in the interior of the domain.




























(∇wh − βh)|K ∀K ∈ Ch , (5.7)
whih is the reason why there appears no terms of the kind ‖qh+Lβh‖0,K in the error
estimator. We note as well that saling arguments give
∑
E∈Fh





h−2K ‖∇wh − βh‖
2
0,K , (5.8)
whih is the reason why there appears no boundary terms of the kind ‖∇wh−βh‖0,E.
5.1. Upper bound. In order to derive the reliability of the method we need the
following saturation assumption.
Assumption 5.1. Given a mesh Ch, let Ch/2 be the mesh obtained by splitting eah
triangle K ∈ Ch into four triangles onneting the edge midpoints. Let (wh/2,βh/2)
be the disrete solution orresponding to the mesh Ch/2. We assume that there exists
a onstant ρ, 0 < ρ < 1, suh that
‖|(w − wh/2,β − βh/2)‖|h/2 + ‖q − qh/2‖−1,∗
≤ ρ
(
‖|(w − wh,β − βh)‖|h + ‖q − qh‖−1,∗
)
, (5.9)
where by ‖| · ‖|h/2 we indiate the mesh dependent norm with respet to the new mesh
Ch/2.
In the sequel, we will need the following result.







Then, there is a positive onstant C suh that for all v ∈ Wh/2 there exists vI ∈ Wh
with the bound
‖v − vI‖0,K + h
1/2
K ‖v − vI‖0,∂K ≤ Ch
2
K |v|2,h/2,K ∀K ∈ Ch . (5.11)
Moreover, vI interpolates v at all the verties of the triangulation Ch/2.
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Proof. We hoose vI as the only funtion in H
1(Ω) suh that
vI|K ∈ P2(K) ∀K ∈ Ch ,
vI(x) = v(x) ∀x ∈ Vh/2 , (5.12)
where Vh/2 represents the set of all the verties of Ch/2. Note that it is trivial to hek




|v(x)| , v ∈Wh/2 ,K ∈ Ch , (5.13)
is indeed a norm on the nite dimensional spae of the funtions v ∈ Wh/2 restrited
to K, the result follows applying the lassial saling argument.
For simpliity, in the sequel we will treat the ase ΓS = ∅, the general ase
following with idential arguments as the ones that follow. We have the following
preliminary result.
Theorem 5.2. It holds
‖|(wh/2 − wh,βh/2 − βh)‖|h/2 ≤ Cη . (5.14)
Proof. Step 1. Due to the stability of the disrete formulation, proved in Theorem
4.3, there exists a ouple (v,η) ∈ Wh/2 × Vh/2 suh that
‖|(v,η)‖|h/2 ≤ C (5.15)
and
‖|(wh/2 − wh,βh/2 − βh)‖|h/2 ≤ Ah/2(wh/2 − wh,βh/2 − βh; v,η) . (5.16)
Furthermore, we have
Ah/2(wh/2,βh/2; v,η) = (f, v) . (5.17)
Step 2. Simple alulations and the denition (3.11) give









(∇wh − βh − αh
2











= Bh(wh,βh; v,η) +R1(wh,βh; v,η) , (5.18)












(∇wh − βh,∇v − η)K . (5.19)
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The last term on the right hand side is well dened sine∇v−η is pieewise L2-regular.
Let now Fh/2 indiate the set of all edges of Ch/2 lying on ΓF. Adding and
subtrating the dierene between the two forms it then follows













〈[∇wh − βh] · s, [∇v − η] · s〉E , (5.21)
and where the rst member on the right hand side is indeed well dened due to the
pieewise regularity of (v,η). We will denote
R(wh,βh; v,η) = R1(wh,βh; v,η) +R2(wh,βh; v,η) . (5.22)
Joining (5.17)(5.21) then yields
Ah/2(wh,βh; v,η) = Ah(wh,βh; v,η) +R(wh,βh; v,η) . (5.23)
Step 3. Let vI ∈ Wh be the interpolant dened in Lemma 5.1 and let ηI ∈ Vh be
the pieewise linear interpolant to η. First, we have
Ah(wh,βh; vI ,ηI) = (f, vI) . (5.24)
This, together with (5.17) and (5.23) gives
Ah/2(wh/2 − wh,βh/2 − βh; v,η)
= Ah/2(wh/2,βh/2; v,η)−Ah/2(wh,βh; v,η)
= Ah/2(wh/2,βh/2; v,η)−Ah(wh,βh; v,η)−R(wh,βh; v,η)
= (f, v − vI)−Ah(wh,βh; v − vI ,η − ηI)−R(wh,βh; v,η) . (5.25)
Step 4. Next, we bound the last terms above. Realling that Ch/2 is a subdivision
of Ch, the CauhyShwartz inequality, (4.3) and (5.15) give






























Using saling and arguments similar to those already adopted in (5.26) it an be
heked that
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Combining (5.26) and (5.27) we get
|R(wh,βh; v,η)| ≤ |R1(wh,βh; v,η)|+ |R2(wh,βh; v,η)| ≤ Cη . (5.28)
Step 5. Next, we expand, substitute the expression (3.11) for qh and regroup the
terms:
(f, v − vI)−Ah(wh,βh; v − vI ,η − ηI)
















∇wh − βh − αh
2


















































































































=: A−B . (5.29)
Step 6. In the part A above, integration by parts, and using the fat that v(x) =
vI(x) at the orner points x ∈ V , yields






mns(βh), [∇(v − vI)] · s
〉
ΓF
= (f + div qh, v − vI) +
〈 ∂
∂s




The separate terms are then estimated as follows, using the CauhyShwartz inequal-
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ity and Lemma 5.1,





























































































































Colleting (5.30)(5.1) we obtain
∣∣A∣∣ ≤ Cη . (5.34)
Step 7. We will now estimate the term B. The following terms are diretly
estimated as the similar terms above














≤ Cη . (5.35)
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≤ Cη , (5.36)
where we in the last step used (5.7). The nal step in estimating the term B is to

































≤ Cη . (5.37)
Colleting (5.35)(5.37) we obtain
∣∣B∣∣ ≤ Cη . (5.38)
Step 8. The asserted estimate now follows from (5.16), (5.25), (5.28), (5.29),
(5.34) and (5.38).
We also have the following lemma for the shear fore:
Lemma 5.3. It holds
‖qh/2 − qh‖−1,∗ ≤ C
(
‖|(wh/2 − wh,βh/2 − βh)‖|h/2 + η
)
. (5.39)
Proof. We start by observing that, referring to the denition (3.11) and its "h/2"
ounterpart, qh and qh/2 are dened on dierent meshes and therefore with dierent
h2K oeients. However, realling that the size ratio between the two meshes is























The rst and the last term in (5.40) an be bounded in terms of the ‖| · ‖|h/2 norm,
simply using the denition (4.3) and the inverse inequality
h2K‖Lβh/2 −Lβh‖
2
0,K ≤ C‖βh/2 − βh‖
2
1,K . (5.41)
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Therefore, realling the denition (5.1), we get
‖qh/2 − qh‖−1,h ≤ C
(
‖|(wh/2 − wh,βh/2 − βh)‖|h/2 + η
)
. (5.42)
The transition from the ‖qh/2− qh‖−1,h norm to the ‖qh/2− qh‖−1,∗ norm is aom-
plished by using the "PitkärantaVerfürth trik" with steps almost idential to those
used in Lemma 4.5, therefore omitted.
Joining Theorem 5.2 and Lemma 5.3 gives the following a-posteriori upper bound
for the method.
Theorem 5.4. It holds
‖|(w − wh,β − βh)‖|h + ‖q − qh‖−1,∗ ≤ Cη . (5.43)
Proof. Theorem 5.2 ombined with Lemma 5.3 trivially gives
‖|(wh/2 − wh,βh/2 − βh)‖|h/2 + ‖qh/2 − qh‖−1,∗ ≤ Cη . (5.44)
From the saturation assumption it follows





‖|(wh/2 − wh,βh/2 − βh)‖|h/2 + ‖qh/2 − qh‖−1,∗
)
(5.45)
and hene the assertion follows from (5.44).
5.2. Lower bound. In this setion, we prove the eieny of the error estima-
tor. Given any edge E of the triangulation, we dene ωE as the set of all the triangles
K ∈ Ch that have E as an edge. Given any K ∈ Ch, we dene ωK as the set of all the
triangles in Ch that share an edge with K. We then have the following lemma [6℄:
Lemma 5.5. Given any edge E of the triangulation Ch, let Pk(E) be the spae of
polynomials of degree at most k on E. There exists a linear operator
ΠE : Pk(E) −→ H
2
0 (ωE) (5.46)
suh that for all pk ∈ Pk(E) it holds
C1‖pk‖
2





E ‖pk‖0,E , (5.48)
where the positive onstants Ci above depend only on k and the minimum angle of the
triangles in Ch.








We then have the following reliability result:
Theorem 5.6. It holds
ηK ≤ C
(





A family of C0 nite elements for Kirhho plates I: Error analysis 19
where fh is some approximation of the load f . Here ‖| · ‖|h,ωK and ‖ · ‖0,ωK represent,
respetively, the standard restritions of the norms ‖| · ‖|h and ‖ · ‖0 to the domain
ωK .
Proof. The proof of the theorem onsists of bounding separately all the addenda
of ηK in (5.5).
Step 1. We rst bound the terms of η˜2K in (5.1). Considering the right hand side
of (5.50), the triangle inequality immediately shows that it is suient to bound the
term h2K‖fh + div qh‖0,K .
Given any K ∈ Ch, let bK indiate the standard third order polynomial bubble




ϕK = (fh + div qh) b
2
K . (5.51)
The standard saling arguments then easily show that
‖fh + div qh‖
2
0,K ≤ C(fh + div qh, ϕK)K , (5.52)
‖ϕK‖0,K ≤ C‖fh + div qh‖0,K . (5.53)
For the rst term in η˜2K , the equilibrium equation (2.13) and integration by parts
give




K(fh + div qh, ϕK)K
= Ch2K
(








(qh − q,∇ϕK)K + (fh − f, ϕK)K
)
. (5.54)
We note, in partiular, that ∇ϕK ∈ V∗ and ∇ϕK = 0 in Ω\K. Therefore, the duality
inequality and the CauhyShwartz inequality, followed by the inverse inequality and
the bound (5.53) lead to the estimate
Ch2K
(
(qh − q,∇ϕK)K + (fh − f, ϕK)
)











‖fh + div qh‖0,K . (5.55)
Combining now (5.54) with (5.55) gives
h2K‖fh + div qh‖0,K ≤ C
(





The seond term of η˜2K in (5.1) an be diretly bounded by using the Kirhho
ondition (2.12) with the denitions (4.1)(4.3),
h−1K ‖∇wh − βh‖0,K = h
−1
K ‖∇(w − wh)− (β − βh)‖
2
0,K
≤ ‖|(w − wh,β − βh)‖|h,K . (5.57)
Step 2. We next bound the terms of η2E in (5.2). Given now E ∈ I(K), an edge
of the the element K lying in the interior of Ω, let
ϕE = ΠE(Jm(βh)nK) , (5.58)
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where, with a little abuse of notation, the operator ΠE is intended as applied on eah















where we reall that ωE was dened at the start of this setion. Integration by parts
and the equation (2.14) immediately lead to the identity
(m(β),∇ϕE)ωE = −(Lβ,ϕE)ωE = (q,ϕE)ωE , (5.60)




















Next, we bound the three terms on the right hand side of (5.61). For the rst













≤ C ‖|(w − wh,β − βh)‖|h,ωE‖Jm(βh)nK‖0,E . (5.62)
For the seond term on the right hand side of (5.61), we note that ϕE ∈ V∗ and
ϕE = 0 in Ω\ωE. Therefore, the duality inequality and the denition (5.58) ombined
with the bound (5.48) give
h
1/2
E (q − qh,ϕE)ωE ≤ h
1/2
E ‖q − qh‖−1,∗,ωE‖ϕE‖1,ωE
≤ C‖q − qh‖−1,∗,ωE‖Jm(βh)nK‖0,E . (5.63)
For the third term of (5.61), the CauhyShwartz inequality, then the inverse in-
equality and nally (5.58) ombined with the bound (5.48) lead to the estimate
h
1/2
E (m(βh)−m(β),∇ϕE)ωE ≤ C‖β − βh‖1,ωE h
−1/2
K ‖ϕE‖0,ωE
≤ C‖β − βh‖1,ωE‖Jm(βh)nK‖0,E . (5.64)
Now, by ombining (5.62), (5.63) and (5.64) with (5.61) it follows
h
1/2
E ‖Jm(βh)nK‖0,E ≤ C
(
‖|(w − wh,β − βh)‖|h,ωE + ‖q − qh‖−1,∗,ωE
)
. (5.65)
The remaining term of η2E is bounded with similar arguments; with the notation
ϕE = ΠE(Jqh · nK) , (5.66)
the identity
− (div q, ϕE)ωE = (q,∇ϕE)ωE (5.67)













(f − fh, ϕE)ωE + (qh − q,∇ϕE)ωE
)
. (5.68)
Finally, we note that ∇ϕE ∈ V∗ and ∇ϕE = 0 in Ω\ωE . Therefore,
h
3/2
E ‖Jqh · nK‖0,E ≤ C
(





Step 3. Third, we bound the only term of η2S,E in (5.3) whih appears in η
2
F,E as
well. Given now a triangulation edge E in S(K) ∪ F (K), let
ϕE = ΠE(mnn(βh)) . (5.70)
Due to (5.47) and (2.19), integration by parts gives (here∇ denotes the tensor valued







E 〈mnn(βh − β), ϕE〉E
= h
1/2





(m(βh − β),∇(ϕEn))ωE + (L(βh − β), ϕEn)ωE
)
, (5.71)
where n is, as usual, the hosen normal unit vetor to E. For the rst term, using the




E (m(βh − β),∇(ϕEn))ωE ≤ h
1/2
E ‖β − βh‖1,ωE‖∇(ϕEn)‖0,ωE
≤ C‖β − βh‖1,ωE‖mnn(βh)‖0,E . (5.72)
For the seond term in (5.71), realling (2.14) we have
h
1/2
E (L(βh − β), ϕEn)ωE
= h
1/2
E (Lβh + qh, ϕEn)ωE + h
1/2
E (q − qh, ϕEn)ωE . (5.73)
Observing now that ϕEn ∈ V∗ and ϕEn = 0 in Ω\ωE, the two terms on the right
hand side of (5.73) an be bounded with the same arguments used above, respetively,
in (5.62) and (5.63). Omitting the details, we therefore get
h
1/2
E (L(βh − β), ϕEn)ωE ≤ C
(




From (5.71), (5.72) and (5.74) we get
h
1/2
E ‖mnn(βh)‖0,E ≤ C
(
‖|(w − wh,β − βh)‖|h,ωE + ‖q − qh‖−1,∗,ωE
)
. (5.75)
Step 4. Finally, we bound the last term of η2F,E in (5.4). Given now a triangulation




mns(βh)− qh · n) . (5.76)
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mns(βh − β), ϕE〉E + 〈[q − qh] · n, ϕE〉E
)
. (5.77)






mns(βh − β), ϕE〉E = h
3/2





〈m(β − βh)n,∇ϕE〉E − 〈mnn(β − βh),∇ϕE · n〉E
)
. (5.78)
Using again integration by parts, the rst term in (5.78) an be written as
h
3/2





L(β − βh),∇ϕE)ωE + 〈m(β − βh),∇∇ϕE)ωE
)
. (5.79)









−(fh + div qh, ϕE)ωE − (f − fh, ϕE)ωE
)
. (5.80)
For the rst term, due to (2.14) and (3.11), we now have
h
3/2











where hωE is the size of the triangle ωE. Combining all the identities from (5.77) to

















(∇wh − βh,∇ϕE)ωE − (fh + div qh, ϕE)ωE
−(f − fh, ϕE)ωE
)
. (5.82)
For the seond term on the right hand side of (5.82), realling (2.17), using the
CauhyShwartz inequality and the bound (5.75) we have
h
3/2





‖|(w − wh,β − βh)‖|h,ωE + ‖q − qh‖−1,∗,ωE
)
hE‖∇ϕE‖0,E , (5.83)
whih, using the inverse inequality and the bound (5.48), gives
h
3/2
E 〈mnn(β − βh),∇ϕE · n〉E ≤ C
(






mns(βh)− qh · n‖0,E . (5.84)
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The remaining terms on the right hand side of (5.82) an all be bounded using the
CauhyShwartz inequality, the inverse inequality and the bounds (5.56), (5.48) as

























mns(βh)− qh · n‖0,E
≤ C
(





Realling now the denitions for ηK in (5.1) and the loal negative norm in (5.49),
the proposition is proved.
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